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A forced piston - like displacement of one fluid by another under an arbit -

rary nonlinear filtration law, is considered. An exact solution of the prob-
lem is given for the one - dimensional case, and two approximate solutions
for the two - dimensional case ,

1, Let the medium be inhomogeneous and nondeformable, the fluid incompressible
and its motion described by an arbitrary, in general nonlinear filtration law. Let the
domain of filtration be bounded by two fixed boundaries Ls and L;, and occupied by
two fluids of different physical properties, displaced by a piston - like motion, The mo-
ving boundary L separating the fluids divides the filtration domain into two zones the
filtration equations in which [1}
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Here £, is an experimental function depending on the rate of filtration modulus Va»
viscosity 1, and density p, of the fluids, permeability % and porosity m of the
medijum; P, is the pressure, v, is the specific weight of the fluids and z is the ver-
tical coordinate,

In the case of two - dimensional filtration in a layer of variable thickness VI
lying on the surface on which an orthogonal », ¢- coordinate system is defined, Eqs.
(1.1) become (see [2])
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F1is the inverse of F, V'E and V'@ are the coefficients of the surface coordinate
network and ¥, is the stream function, The system (1, 2) yields the following equa -
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If the boundaries L, and Ly denote the contour of the hole and the feed, respec-
tively, and constant pressures P, are specified at these contours, then the conditions
for ¢, will be

[odp, = @50 Il =k (1. 4)

The conditions of continuity of pressure and normal velocity components which hold at
the boundary £, , can be written in the form

(@1 + vzl = l@y -+ vzl (1.5

[__._] ;.1__ 6@1] = Fy 0%]
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We shall seek the equation of the boundary [ in the parametric form
pL = pL (ts TO)’ QL = QL {t’ TO)

where 1, is the parameter, At the initial instant ¢ — 0 the equation of the boundary
is known, and is

Po=pr (0,10, g ==qp (0, 1) (1. 6)

The physical velocity of the fluid particles dr / dt and the rate of filtration v are
connected by the relation dr/ dt = v/ m, therefore the differential equations of the
boundary L will have the form
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The above equations should be integrated together with: (1.3), the boundary conditions

{1.4), (1.5) and the initial condition (1, 6), this is a difficult problem,

2, In the particular case of one-dimensional filtration the problem posed above
admits an exact solution in a finite form, Namely, the filtration will take place along
the lines p == const,provided that the following restrictions are imposed on the surface
coordinate network and on the laws of variation in the thickness permeability and poro-
sity of the layer:

VEVH=4 @B, V&=C( (2.1
z=1z(g), k=k{(g, m=m{g

Here 4 (p) and B (g}, C (g) are some functions of p and g. The contours of the hole
L, and the feed L, will be situated along the lines ¢ = ¢; and ¢ = gk, and the boun-
dary L will follow the lines g = const for the initial and subsequent instants of time,
In this case Egs, (1.3) and conditions (1.4), (1.5) together yield
2 3
go=a,+ Fda, ®=0,+ ) Fudg (2.2)

s Ik

from which it follows that the flow rate will be
vig=tq=v=1~(g) A4 () (VE VE)
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where A (g;) is determined by the equation
L g
j. VGFdg + j VGFdg + ¢, = @+ (0 — 1)z =0
s L
Fo=F, (M(gp)4 ) (VE VH), pg pgo &y m), a=1,2

Then from (1,6) and (1.7) it follows that the determination of the boundary £, sepa-
rating the fluids can be reduced to the problem of computing the quadrature

111
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3. In the case of two - dimentional filtration two consecutive approximate solu -
tions in a finite form can be obtained for the problem of displacement of the boundary
separating the fluids,

In the first approximation we assume that the physical properties of the fluids are
the same (one fluid system) and, that a solution of (1.3) can be found in the form

=@ (Ap,g)+M (3.1

where A and M are constants obtained from the boundary condition (1,4). Then the
system (1,2) will yield the stream function V¥ (p, g).

Since in the present case the boundary L consists of the specified fluid particles,
the equation of streamlines v (p, 9) = ¢ (py, g¢) = @, oI in the parametric form

p=p(a), ¢g=gq(,a (¢=a(ty) = const) (3.2)

is the first integral of the differential equations (1,7). Then the equation of the boun -
dary L becomes

prL=p(tp, 8, g =q(7,a) (3.3)

where the parameter 7 defining the position of the point of the boundary on the stream-
line (3.2) should be determined as a function of time, In accordance with (1,7), the
equation of motion of a point of the boundary along the streamline (3, 2) is

[dS / dt] = [F1/ m]

T=TL 1=1‘L

or
dt, F1 as dS_dv
dt — | mdSjdr |v="1, (dt =Tdv dt 3.4
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where &k and m can be written, with the help of (3.2), as functions of v and a. We
shall count 1, from the initial position of the boundary L. Then the equation (3.4)
will have to be integrated with the initial condition Tt |,_, = 0, and this gives

L

t= m dS_ drp, (3.5)
£ gy fe=rp,
0
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from which we have
1, =W (s a) (3. 6)

Then (3.3) and (3.6) together will yield the equation of the boundary L in the first
approximation, In the second approximation we adopt the scheme of rigid streamlines
[3]. The stream function of the first approximation is used here again, Since the
streamlines do not refract in the boundary L , the second condition of (1.5) of conti-
nuity of the normal velocity components can be replaced by the condition that the ve-
locity vectors are equal to each other, i.e.

[I;l grad @, ] [F;l grad @, J
lgrad@i| [r = | Tgrades] lr

3.7

Consequently the first condition of (1.5) and (3.7) will hold at the boundary L . We
shall write this condition in the form of a projection on the tangent to the streamline

@1+ Vizdemep = [@2+ Vo2lemsys  Fi'heme, = 1F3'eee, (3.8)

Making use of the solution (3,1), we seek the function ¢, along the streamline (3. 2)
in form
q)a= (Da (Aa, (TL)1 D, Q) +Ma (TL), a = '1,2 (3.9)

where: A, and M, are determined as functions of 7 from the boundary conditions
(1.4) and (3.8). Substituting (3. 9) into (3.5), we obtain

T, =12 (¢, a) (3. 10)

Then (3.3) and (3. 10) will together yield the equation of the boundary L in the finite
form, in the second approximation.

4. As an example we shall consider the motion of the boundary separating the
fluids towards a real operational well, in a plane (VE = r, VG = 1) homogeneous
stratum (k = eonst, m = const) , The following conditions are given at the well of ra-
dius ry and at the concentric feed contour of radius r :

([Pl = @5, [R2hrer, =y (4. 1)
The equation of the boundary at the initial instant of time is known
ro = 1o (To), By = B (7o) (4.2)

Let us solve the problem in the first approximation, The flow is uniform, therefore
(1.3) yields the following function satisfying the conditions (1.4):
T

r k

(p=cps—g F(zsr)dr (SF<2?tr>dr~(q)s—(pk)=0) (4.3)
rs rs

Here Q denotes the output of the well per unit thickness of the stratum, and can be

found from the relation given in brackets. In this case it is expedient to choose the pa-

rameter 1, in the form t; =r, — r, where r; is the distance between the boundary

L and the center of the well, Then in accordance with (3.5), (4.2) and (4.3), we

have the following equation of the boundary in the first approximation:

t
ry = .l/-"oz (To) — % s Bo=00(%0) (4.4)
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Next we obtain the solution of the problem in the second approximation. at the boun-
dary L the conditions (3,8) assume the form

l@l]r:}»L = {"p‘ZIr:rL! {FII}T;;:TL = [Fgllrzrr_‘ (4‘ 5)

In this case the function ¢, satisfying the conditions (4. 1) and (4.5), becomes

r rl’f
w=0,— \ Fir. qu=g,+ | Far (4.6)
Ts 7
Ty, Tk
Q(ry) Y
Fa=F, (%f xua,%) (S Fﬂf—%—g Fadrw(tps—%)=0>
TS TL

and the equation of the boundary 7 in the second approximation is

7o {to)
riérp

L Q(rL) ’

(4.7)

t = 2nm 0, =0, ()

B. We use the results obtained to investigate the effect of the nonlinearity of the
filtration law on the motion of the boundary L.

We shall only deal with the first approximation, Let the filtration be governed by
the following two~-term law [4]:

F=Lto0ype (5.1)
and let the boundary L at the initial instant be a straight line separated from the oz -

axis by the distance &
resin 0y = h (0 0y M)

According to (4,4) the equation of the boundary is

Qt B T -1 —
L= 1/ 81112 5. " am: Q=4 (9,— ) (T In T) (1 + Vit

s
’ S(s k)(r‘g rk>(k ! rs)

The boundary will reach the well most rapidly by moving in the shortest direction 8, =
w/ 2. If we assume that 73 <€ h, the displacement of the boundary in this direction
will be

mLh2 T

P ap— i :
erh]/i—wmb—(Vi-rb—%)-T, T=%,—eg 7,

where T denotes the time in which the boundary will reach the well when the filtra -
tion is linear,

Figure 1 shows the displacement of the boundaty in the direction 8, = m /2 when
the filtration is linear, i.e. when B == 0 and consequently b = ¢, and for the nonlinear
filtration when » = 1, 5 and 10. We see that the nonlinearity of the filtration ~ law
(5. 1) slows down the motion of thie boundary.
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